Abstract. We give a new, simplified proof of a general Borsuk-Ulam theorem for a product of spheres, originally due to Ramos. That is, we show the non-existence of certain (Z/2) kequivariant maps from a product of k spheres to the unit sphere in a real (Z/2) k -representation of the same dimension. Our proof method applies to show an optimal Borsuk-Ulam theorem for certain equivariant maps from Stiefel manifolds to spheres, strengthening and generalizing a result of Fadell and Husseini.
Introduction
Let X be a compact n-dimensional CW complex with an action by the group G. A fundamental question with a multitude of applications in topological combinatorics is to decide whether an equivariant map X −→ V (that is, a map commuting with a G-action) into some n-dimensional real G-representation V must have 0 ∈ V in its image. Equivalently, one is interested in deciding the existence of an equivariant map X −→ S(V ) into the unit sphere of V . This method has found applications in hyperplane mass partitions [2] , the "square-peg" problem [11] , Tverberg-type results [4] , and chromatic numbers of hypergraphs [10] , among others; see [9, 17] . Thus the identification of easily computable obstructions to the existence of such equivariant maps is of fundamental importance.
One incarnation of this problem that has received particular attention is the case that X is a product of spheres S n1 × · · · × S n k , and G is (Z/2) k where the jth copy of Z/2 acts non-trivially exactly on the jth factor S nj . The case k = 1 is the classical Borsuk-Ulam theorem, which states that there is no map
that commutes with the antipodal actions. Here we study a binary-valued obstruction for the existence of equivariant maps: The parity of the sum of degrees of a specially extended map restricted to various submanifolds obstructs the existence of an equivariant map. This yields a new, simplified proof of Ramos' general Borsuk-Ulam theorem for products of spheres [13] . Moreover, our reasoning extends to Stiefel manifolds V n,k of k mutually orthonormal vectors in R n . A seminal result of Fadell and Husseini [6] establishes the non-existence of an equivariant map from V n,k into S(V ), where V is (R n−k ) k and ε j acts non-trivially on the jth copy of R
, which leaves room for improvement of Fadell and Husseini's result. Here we strengthen this result to a tight one:
has a zero. Here ε j acts non-trivially precisely on the jth factor R n−j and by (x 1 , . . . , x j , . . . ,
In fact, we prove a more general result for arbitrary (Z/2) k -actions on the codomain; see Theorem 3.3. Ramos' approach is elementary and technical, depending on equivariant approximations of sufficiently generic PL maps for appropriately defined triangulations. Thus, some effort has been invested into simplifying his proofs, for example a special case was proved by Dzedzej, Idzik, and Izydorek [5] , perhaps unaware of Ramos' more general result. These simplifications and alternative approaches are of particular importance since gaps have been pointed out in the treatment of non-free actions [2] . Ramos' results in the case of non-free actions have been salvaged by different methods [1] , and Vrećica and Živaljević have proposed a supplement for Ramos' proof [16] . The existence of (Z/2) k -equivariant maps from products of spheres to a sphere was recently studied by Simon [14] , using the theory of Fadell and Husseini. Our results complement Simon's. For computations of Fadell and Husseini's cohomological index of Stiefel manifolds see Blagojević and Karasev [3] .
Borsuk-Ulam theorems for products of spheres
We denote the standard generators of (Z/2) k by ε 1 , . . . , ε k . We think of Z/2 = {0, 1} additively and write α, β = j α j β j ∈ Z/2 for the inner product in (Z/2) 
We will show that the parity of the degree of this map is independent of f and only depends on the module V and the numbers n 1 , . . . , n k . We denote the degree of f modulo 2 by
The degree of f equivalently counts the number of zeros of f in B counted with signs and multiplicities.
The notion of sign and multipicity here is captured by the local degree: Let X and Y be oriented closed n-dimensional manifolds, x ∈ X, and f : X −→ Y a continuous map. Then f induces a map
Both the domain and codomain of this homomorphism are isomorphic to Z, and thus f * is uniquely determined by d = f * (1), the local degree deg f | x of f around x. We refer to Outerelo and Ruiz for the basics of mapping degree theory [12] . For example, they prove (see [12, 
While in [12] this lemma is stated in the smooth category for maps with regular value 0, it is simple to see that the lemma holds in this slightly more general setting. See for instance [4, Proof of Lemma 5.6] for a complete proof.
As a second ingredient we need that if the action on the domain is free, any two G-equivariant maps 
we denote the ith coordinate of x by e * i (x). We fix the upper hemisphere B n ⊂ S n as the set of x ∈ S n with e * n+1 (x) ≥ 0. We can now prove that r(n 1 , . . . , n k ; V ) is indeed independent of f :
map that is never zero on ∂B and has only isolated zeros. Then the degree modulo 2 of the induced map
Proof. The degree of f is equal to the sum of zeros of f in B counted with sign and multiplicity by Lemma 2.1. 
is independent of f , so is the parity of deg f .
We now induct on the number of generators ε j that act in opposite ways on the orientation of M and S(V ). Suppose we have already shown that no matter how the generators ε j , 2 ≤ j ≤ ℓ − 1 act on the orientations of M and S(V ), the parity of the degree deg f is independent of f . Further, assume that ε ℓ acts orientation-preservingly on M and orientation-reversingly on
In this extension process ensure that f ′ has only finitely many zeros x = (x 1 , . . . , x k ) with e * 1 (x 1 )e * 1 (x ℓ ) = 0. This is possible since f has no zeros with e * 1 (x 1 ) = 0 or e * 1 (x ℓ ) = 0, and any map
can be extended to the entire ball B n −→ R n such that it only has finitely many zeros. Now consider the map
where α = ε 1 + ε ℓ . The map F is equivariant and has only isolated zeros. Further, by perhaps slightly rotating some of the spheres in the domain M ′ , we can guarantee that F has no zeros in ∂B That the parity of deg f is independent of f could also be derived as a consequence of elementary obstruction theory. We briefly sketch this argument and refer to tom Dieck [15] for the basics of (equivariant) obstruction theory. Let X be an n-dimensional CW complex with a free cellular G-action.
Denote the k-skeleton of X-the subcomplex of faces of dimension at most k-by X (k) . Let Y be an
) to a G-map defined on all of X is captured by the obstruction cocycle o ∈ H n G (X; π n−1 Y ). In the situation described here-a primary obstruction problem-the cohomology class o is independent of the map h, and a G-map X −→ Y exists if and only if the cohomology class o vanishes.
then the value (of a representative) of o on an n-cell σ of X is the degree of h restricted to ∂σ. A sphere has a Z/2-equivariant CW structure with two cells in each dimension. This induces a CW complex structure on a product of spheres that is equivariant with respect to (Z/2) k . This CW structure has one orbit of top-dimensional n-cells, and thus deg f determines o. Each orbit of (n − 1)-cells intersects the boundary of a fixed n-cell in an even number of cells. Since each equivariant (n− 1)-cochain has the same value up to signs on the cells of the same orbit, the parity of the value of o on each n-cell is well-defined (and thus independent of the map h). 
Proof. Since f is a local homeomorphism, every local degree deg f | x is ±1. By Lemma 2.1 the sum x∈f −1 (0)∩B deg f | x is odd if and only if r(n 1 , . . . , n k ; V ) = 1. This is the case precisely if f −1 (0) ∩ B has an odd number of elements. The second statement is an immediate consequence of Lemma 2.1.
It is now an elementary exercise to prove the following result, originally due to Ramos [13] . Ramos' methods are different, using the PL version of the preimage theorem to find and count zeros via pathfollowing arguments. For this maps need to be approximated by sufficiently generic PL maps in an equivariant way. Here we just consider a suitably extended map and count its zeros.
Theorem 2.5. The value of r(n 1 , . . . , n k ; V ) can be computed recursively via
. . , x k ) = 0. Such a map exists by obstruction theory since S(
In the next step of the construction of f , where we define f on the (n − 1)-skeleton, we can moreover ensure that f has finitely many zeros x with e * 1 (x j ) = 0 for some j. This is because cell-by-cell a map S n−2 −→ S n−2
can be extended to a map
with finitely many zeros. Now define
The product in the last coordinate ensures that F is also equivariant in the V αn -component. Now observe that the zeros of F in B n1 × · · · × B n k are in bijection with zeros of f in B n1 × · · · × B n k that satisfy e * 1 (x j ) = 0, where j ranges over indices with α n , ε j = 1. Using Lemma 2.4 and reducing modulo 2 finishes the proof. Remark 2.6. The value of r(n 1 , . . . , n k ; V ) is well-defined even in the case that some n i are 0. In this case the manifold X = S n1 ×· · ·×S n k splits into several connected components and thus H n−1 (∂B) ∼ = Z c , where c is the number of components, that is, c = 2 t with t the number of S 0 -factors in X. In this case we define the degree of the map f : ∂B −→ S(V ) to be f * (1, . . . , 1). Since this counts the parity of the number of zeros of f in B with signs and multiplicities, our results hold in the same way, even if
exists, where we forget the action of ε k to define the induced
-actions. This is true simply because
consists of two disjoint copies of
For the nontrivial Z/2-action on R we have that r(1; R) = 1; this is the Intermediate Value Theorem. Using these observations and Theorem 2.5, we can compute the value of the obstruction r(n 1 , . . . , n k ; V ) by induction.
Other Borsuk-Ulam results for products of spheres are corollaries of Theorem 2.5: An immediate consequence of Theorem 2.5 is r(n 1 , . . . , n k ; W ⊕ V εj ) = r(n 1 , . . . , n j − 1, . . . , n k ; W ) and thus
has a zero-a proof of this special case of Ramos' result using the cohomological index theory of Fadell and Husseini is due to Dzedzej, Idzik, and Izydorek [5] . Our method subsumes Ramos' and Fadell-Husseini's results in full generality, while at the same time extending them.
As another special case we remark that r(n 1 , n 2 ; W ⊕ V ε1+ε2 ) = r(n 1 − 1, n 2 ; W ) + r(n 1 , n 2 − 1; W ), and thus r(n 1 , n 2 ; W ⊕ V ε1+ε2 ) = 1 if and only if r(n 1 − 1, n 2 ; W ) = r(n 1 , n 2 − 1; W ). This is the same recursion that computes binomial coefficients n1+n2 n1
, and thus r(n 1 , n 2 ; V ⊕(n1+n2) ε1+ε2 ) = 1 if and only if n1+n2 n1
is odd. This is the case if and only if the binary expansions of n 1 and n 2 do not share a common 1.
Combining the observations of the previous two paragraphs shows that
This is a result of Mani-Levitska, Vrećica, and Živaljević [8] .
Borsuk-Ulam theorems for Stiefel manifolds
The purpose of this section is to derive our main result, Theorem 1.1, from the methods developed in the preceding section. Recall that for positive integers k ≤ n, V n,k denotes the Stiefel manifold of k pairwise orthonormal vectors in R n . In particular, V n,k ⊂ (S n−1 ) k and V n,k is invariant under the action of (Z/2) k and thus inherits an action of (Z/2) k . We will strengthen the following result of Fadell and Husseini:
Theorem 3.1 (Fadell and Husseini [6] ). Every equivariant map
has a zero.
The dimension of V n,k exceeds the dimension of the codomain
We will strengthen Theorem 3.1 to an optimal one, where the dimensions of domain and codomain coincide. This is possible by restricting the domain to an invariant submanifold of codimension i. We will need the following:
To showcase how easily computable the obstruction r(n 1 , . . . , n k ; V ) in our approach is, we will provide two short proofs of this lemma. The first proof using the recursive formula of Theorem 2.5, the second by exhibiting an appropriate equivariant map with an odd number of zeros in a fundamental domain of the (Z/2)
By Remark 2.6 and Theorem 2.5, respectively,
Thus the lemma follows by induction on k. The base case is the Intermediate Value Theorem.
Proof 2 of Lemma 3.2. Consider a filtration
obtained by successively intersecting
by coordinate hyperplanes. Then it is simple to check that the map
is equivariant and has exactly one zero up to symmetry.
We can adapt the reasoning above to show a Borsuk-Ulam type theorem for Stiefel manifolds. The proof of the following theorem uses the same reasoning as [2, Prop. 3.3] . 
Proof. We prove the contrapositive. Given an equivariant map f : V n,k −→ S(V ), extend it to an equivariant map f ′ : (S n−1 ) k −→ V . Now define the equivariant map
The map F does not have any zeros, since F (x 1 , . . . , x k ) = 0 implies that f ′ (x 1 , . . . , x k ) = 0 and the x i are mutually orthogonal, thus (x 1 , . . . , x k ) ∈ V n,k is a zero of f . As F does not have any zeros,
We can now derive Theorem 1.1 that any equivariant map . There is an equivariant map
with h −1 (0) = M : Explicitly, the V ⊕(k−ℓ) ε ℓ -component, ℓ < k, of h(x 1 , . . . , x k ) is given by (e * n (x ℓ ), e * n−1 (x ℓ ), . . . , e * n−(k−ℓ)+1 (x ℓ )). Then define the equivariant map
By Theorem 1.1 the map F has a zero. Now, as before, if F (x) = 0, then both f ′ (x) = 0 and h(x) = 0. The latter implies x ∈ M , while f ′ (x) = 0 means that f (x) = 0.
